The nonlinear integral equations describing the spectra of the left and right (continuous) quantum KdV equations on the cylinder are derived from integrable lattice field theories, which turn out to allow the Bethe Ansatz equations of a twisted "spin −1/2" chain. A very useful mapping to the more common nonlinear integral equation of the twisted continuous spin +1/2 chain is found. The diagonalization of the transfer matrix is performed. The vacua sector is analysed in detail detecting the primary states of the minimal conformal models and giving integral expressions for the eigenvalues of the transfer matrix. General expressions for the eigenvalues of the infinite-dimensional abelian algebra of local integrals of motion are given and explicitly calculated at the free fermion point.
Introduction
An integrable system in 1 + 1 dimensions is characterized by the existence of a number of integrals of motion in involution equal to the number of degrees of freedom. Consequently, the exact computation (of the eigenvalues) of these commuting observables is a very important problem. In this respect, an important and widely used method goes through (an integrable discretisation of the model and) the diagonalization of the discrete integrals of motion by a Bethe Ansatz technique. At the end one is left with the problem of finding the continuous limit of the eigenvalues of the (discretised) theory and in order to achieve this goal an important tool is the analytic method introduced in [1, 2] . This method was first explored on the XXZ chain [2] and on the sine-Gordon model [3, 4] , but it is in principle much more general, since its applicability relies only on the existence of a Bethe Ansatz solution of the discrete model. In fact, in paper [?] it has been used for the first time for describing excited states (and not only the vacuum).
In the paper [5] we have formulated a generalisation of the Algebraic Bethe Ansatz to diagonalize the transfer matrices of two lattice models, obtained after discretisation (on a space lattice) of two -left and right -quantum (m)KdV equations. The Bethe equations have been found to coincide with the corresponding quantities for a "spin −1/2" XXZ chain with a twist. The origin of the twist in the framework of [5] is in some sense dynamical, i.e. automatically generated by the theory, unlike in [4] .
In this article we address the problem of writing nonlinear integral equations governing the spectrum of the left and right (continuous) quantum (m)KdV theories. In other words, the eigenvalues of the transfer matrix -which encodes all the local and nonlocal conserved charges -are expressed as nonlinear functionals of the solutions of the aforementioned nonlinear integral equations. Besides the importance in Statistical Field Theory, they can be also interpreted as explicit expressions for spectral determinants of PT -symmetric spectral problems [6, 7] . This procedure will eventually give the eigenvalues of the local integrals of motion of the quantum KdV theory. After [8] , it became well known that these local integrals of motion represent one series of local commuting charges of conformal field theories without extended symmetries [9, 10] (see [5, 11, 12] for details concerning the matrix Lax formulation). Actually, applying t! he investigations of the present paper and of [5] to the setup elaborated in [10] , it is only a matter of calculations to extend the subsequent results to the only other series [9] . A similar application is also allowed in conformal field theories with extended symmetry algebra (e.g. for W algebras, see the setup of [13] ).
In section 2 we summarise the main results on (m)KdV theories obtained in [5] . In section 3, starting from the Bethe equations of [5] , we write the nonlinear integral equation for each vacuum of the left and right quantum KdV equations. In section 4 we use this equation to calculate up to quadratures the energy of the vacua. In section 5 we apply the nonlinear integral equation to find exact expressions for the continuous limit of the vacuum eigenvalues of the transfer matrix. These results are comparedfirst in the asymptotic limit and then at the free fermion point -with (and proving) the conjectures in [11, 14] obtained using continuous representations of the (m)KdV transfer matrix on Virasoro modules. In particular, we have solved exactly the theory in two cases: at the free fermion point β 2 = 1 2 and in the limit of infinite twist (ω → +∞). In Section 6 we summarise our work describing also possible further applications.
Quantum lattice (m)KdV theory
In a previous paper [5] we considered the left and right mKdV equation, respectively
for the fields v ≡ −ϕ ′ andv ≡ −φ ′ , defined as spatial derivatives of quasi-periodic Darboux fields ϕ,φ in the interval y,ȳ ∈ [ 0 , R ]. The quantizations of the Darboux fields are the Feigin-Fuks bosons φ,φ [15] , which satisfy the commutation relations
where 0 < β 2 < 1 and s(z) is the quasi-periodic extension of the sign function: s(z) = 2n + 1 , n < z < n + 1 ; s(n) = 2n , n ∈ Z .
In terms of a discretisation of the Feigin-Fuks bosons, φ m ≡ φ m R 2N ,φ m ≡φ m R 2N , we defined the N-periodic operators V ± m living on a N-site lattice with spacing ∆ and length R = N∆:
These operators are the quantum counterparts of the discretisation of the mKdV variables v andv (2.1) and satisfy the non-ultralocal commutation relations, first introduced in [16] ,
In terms of V ± m we now define (adopting a different normalisation with respect to [5] ) the left and right conformal monodromy matrices
where left Lax operators L m (α) and right Lax operatorsL m (α) are given by
(2.8) As a consequence of non-ultralocal relations (2.5), monodromy matrices (2.6, 2.7) satisfy braided Yang-Baxter relations (see, for instance, relation (4.4) of [5] ), first introduced in [16] and [17] . The commuting transfer matrices associated to them generate, restoring the continuum, one series of local commuting charges of, respectively, left and right conformal field theories.
Despite the complication coming from the presence of a braided Yang-Baxter relation, we derived in [5] the Bethe equations for monodromy matrices (2.6, 2.7). They read:
l is the number of the Bethe roots and the parameter ε is equal to −1 for the left conformal case (monodromy matrix (2.6)) and to +1 for the right conformal case (monodromy matrix (2.7)). The connection with notations used in formulae (6.35, 6.47) of [5] is q = e −iπβ 2 and λ r = e αr .
In the same paper [5] we wrote also the eigenvalues of the left and right lattice transfer matrices on the Bethe states. Using the same notations as in (2.9) such eigenvalues read
In this paper we will perform the continuous limit of these quantum lattice (m)KdV theories, with the aim of studying quantum (m)KdV theories.
The nonlinear integral equation for the vacua sector
We want to write a nonlinear integral equation equivalent to Bethe equations (2.9) for the particular solution minimising the energy (the vacuum). We introduce the analytic function in the strip |Im x| < min {ζ, π − ζ} , 0 ≤ ζ < π (ln is taken in the fundamental branch)
to define, when N ∈ 4N, the counting function,
in terms of which the Bethe equations (2.9) have the logarithmic form
First of all, we are interested in the vacuum solutions of the Bethe equations: all the α s are real and Z N (α s ) are equal to all the numbers of the form (3.3) between Z N (−∞) and Z N (+∞). It follows from the definition (3.2) that these two extremes are given by
This solution minimises, for the range of values of β 2
the left (ε = −1) and right (ε = 1) hamiltonian eigenvalues, defined as logarithmic derivatives of the transfer matrix eigenvalues, respectively
On the other hand, the vacuum solution is known to minimise in the region (3.5) the lattice sine-Gordon Hamiltonian eigenvalues H LSG ({α r }, R, N) [18] ; left and right hamiltonians eigenvalues (3.6) can be regarded as the conformal limit of H:
Supposing β 2 in the region (3.5), we now want to write a nonlinear integral equation for the vacuum counting function in the continuous limit:
Besides, this limit means, because of (3.4), that also l → +∞ and therefore, even if we put
with p < p ′ coprimes, it turns out to be ill-defined on the exponential factor of (2.9). Therefore, we need to consider the different sub-sequences
where n → +∞ and κ is kept fixed. The utility of this limit procedure is that we can redefine the counting function (3.2) up to suitable multiples of 2π to obtain
where ω is finite in the continuous limit (the double braces denote the fractional part):
The presence of the constant divergent term in definition (3.12) will be made clear in the following. Now, we can use standard techniques (see [2] , [3] , [4] ) to rewrite a sum over real Bethe roots of a function f N with no poles on the real axis as follows 1 :
The use of (3.14) in (3.12) gives
After defining:
the Fourier transform of relation (3.15) iŝ
(3.17) where we have used the notation:
Explicitly, the Fourier transforms of the first two functions in (3.16) are:
With the definitions
equation (3.17) can be written in the following way:
We now want to Fourier antitransform and to perform the continuous limit. Therefore, it is necessary to work out in such a limit the behaviour of the N-dependent term
This expression obviously diverges in the continuous limit. To define a finite counting function in such a limit we perform a N-dependent shift Λ N in x and define the conformal counting function Z(x) as
23)
We have to choose Λ N in such a way that
is finite in the continuous limit. A convenient way to evaluate (3.24) is the residues method. The poles of the integrand lie at k = 0 and on the imaginary axis. Since we are in the region (3.5), the poles on the imaginary axis with smaller modulus are at k = ±iπ/γ. We choose Λ N as follows
, (3.25) where χ can be equal to ±1 and A is an arbitrary positive constant which reflects the translation invariance in x of conformal field theories. If χ = −1, then in the continuous limit −ε ln R N + Λ N → +∞: hence, to evaluate the integral for fixed x we can choose a contour closing in the upper k-complex half-plane and containing a small semicircle surrounding the pole at k = 0. Since the contribution from the imaginary poles are damped by the exponential factor containing Λ N , the leading term is given by the residue at the pole with smallest modulus, i.e. k = iπ/γ, minus the contribution of the semicircle around k = 0:
where o(z) means "order less than z". If χ = 1, then in the continuous limit −ε ln R N + Λ N → −∞ and we consider a contour closing in the lower k-complex half-plane and containing a small semicircle surrounding the pole at k = 0. As before, we take into account only the contribution from the residue at the pole with smallest modulus, k = −iπ/γ, and we subtract the contribution from the semicircle around k = 0:
Collecting these formulas we get
We now make the choice χ = −ε , (3.29) and insert (3.28) in the continuous limit of the Fourier antitransform of (3.21) shifted by Λ N . The constant divergent term disappears and we obtain for the conformal counting function (3.23) the following equation:
30)
where G(x) is the Fourier antitrasform ofĜ(k) (3.20)
Remark 1 In writing (3.17) we have paid the necessary attention to the zero modes. Besides, we could more correctly derive equation (3.30) working out our calculations on the derivative of Z(x) [19] , but we think this derivation more efficient, once all the subtleties are under control.
Remark 2 Although equation (3.30) has been found for 1/3 < β 2 < 2/3, yet it can be considered without problems in the whole region 0 < β 2 < 1, defining in such way, by analytic continuation, a state in the continuous limit which minimises the energy.
Remark 3 In fact, equation (3.30) coincides with the nonlinear integral equation for the spin +1/2 XXZ chain which shows Bethe equations (2.9) with the l.h.s. inversed and β 2 = γ π . Hence, the mapping β 2 → 1 − β 2 relates the twisted spin +1/2 and spin −1/2 XXZ chains. This connection between spin +1/2 and spin −1/2 XXZ chains was already conjectured in [20] , but only in the case of infinite volume.
32)
and if we identify p of [14] with ω/2. Such an A is positive, as it has to be, in the whole region 0 < β 2 < 1: hence, (3.30) can be seen as an extension of (3.8) of [14] to the domain 0 < β 2 < 1.
Equation (3.30) is the nonlinear integral equation describing theω-vacuum of the continuous theory. Its counting function solution allows us to evaluate the infinite continuous limit of a sum over the Bethe roots of theω-vacuum resetting formula (3.14) as
where we have defined the continuous limit
Relation (3.33) contains two different contributions; we will call them, for the sake of brevity, the bulk term and the finite size correction term. They can be identified inserting in the first term of the r.h.s of (3.33) the expression for Z(x) coming from (3.30):
We can arrange this expression
37)
and the other term gives usually the finite size correction. It is useful to write these terms using the Fourier transform of f , defined in (3.18) :
In the next two sections we will evaluate the bulk term and the finite size correction term of the conformal hamiltonian and of the eigenvalues of the transfer matrix, both in the left (chiral) and in the right (antichiral) case.
Finite size correction to the energy of the vacuum
The aim of this section is to extract, from the finite size correction to the vacuum energy, the conformal charge of the theory and the conformal weight, characteristic of theω-vacuum. Let us start by writing the energy (3.6) of a Bethe state:
In the expression -see (3.38), (3.39) -for the finite size correction of the energy what enters is the Fourier transform of (4.1). Explicitly we have, using [21] :
Therefore, the quantity J h (x) (3.39) in this case is given by:
This integral can be evaluated using the residue method. Since we are going to the limit N → +∞, we close the contour of integration in the upper k-complex half-plane if ε = 1 and in the lower k-complex half-plane if ε = −1. In both cases the only non-vanishing contribution in the continuous limit is given by the pole with smallest modulus, i.e. that at k = iεπ/γ, and hence turns out to be 
As well explored [2, 3, 4] , the integral in (4.4) can be computed using the derivative lemma of [2] , yielding the effective central charge
(4.5)
Now we can identify the (conformal field) theory, i.e. the central charge c(β 2 ) indipendent on the twistω, and the conformal weight of the Bethe state h reinterpreting (4.5)
as
where
Nevertheless, if we want to implement constraint (3.13) , ω can take only the values:
Therefore, inserting (4.9) in (4.5) we get the effective central charge for fixed β 2 = p/p ′ :
In the particular case of minimal unitary models, p ′ = p + 1, the effective central charge reads
These values of c ef f identify all primary states of minimal unitary models which are on the diagonal of the Kac table. Sublimits different from (3.11) may yield the missing primary states, but we leave the study of the whole classification, also in non-unitary models, to a future publication.
Continuous limit of the eigenvalues of the transfer matrix
It is surely interesting to use the results of section 2 in order to evaluate the continuous limit of the vacuum eigenvalue of the transfer matrix (2.10), in particular as in this limit the integrals of motion it generates in the asymptotic expansion are connected to the local conserved charges of the aforementioned conformal field theory [11, 14] .
Referring for notations to formulae (2.10-2.12), we define
and we consider first F + . From (2.11, 2.12) we have
We want to evaluate for the vacuum
The last addendum in (5.2) gives a contribution whose continuous limit is zero if 0 < β 2 < 1/2 and infinity if 1/2 < β 2 < 1. However, one can get rid of this divergence by defining F + (α) for 1/2 < β 2 < 1 as the analytic continuation of the same function for 0 < β 2 < 1/2. With this regularisation procedure in mind, we will calculate, for 0 < β 2 < 1/2,
and we will release the constraint on β 2 . As already pointed out, the constant term in (5.4) has to be treated indipendently. Its contribution is −iεπβ 2 l and, since l is even, we can restrict ourselves to the subsequences in which the integers n and κ, contained in (3.11), are both even. With this restriction, using the relations (3.10), (3.11), the constant term in (5.4) can be written as follows
The multiples of 2πi can be discarded since the transfer matrix depends only on exp [F + ]. Remembering the definition of the twist (3.13), contribution (5.5) becomes (the double square brackets denote the integer part):
The integer part gives a factor to exp [F + ] which can be equal to ±1, depending on the choice of κ. For the sake of simplicity we will carry on the calculations supposing that κ is chosen in such a way that this factor is 1: the vacuum eigenvalue of the transfer matrix for the other values of κ differs form the result we will obtain in this section by a global factor −1 and hence its treatment is redundant. Therefore, without losing generality, we can conclude that the constant term in (5.4) gives a contribution to F + which is equal, up to multiples of 2πi, to −iεπω.
Using this result and (3.38) for dealing with (5.4), we obtain
is a bulk contribution,Ĵ(k) is given by (3.39) and
After defining
we will study F + (y) = F + (α) in the two regions:
(5.10)
The behaviour of F + (α) in the other regions of the complex plane can be obtained using the periodicity property,
which comes from expression (5.4) for F + (α).
Let us start with region 1. We remark that, when |Imy| < γ 2 ,
where φ is defined in (3.1). From (5.6) it follows that we have to calculate the Fourier transform of the derivative of f + (x, α) as function of x. From the definition of K(x)first of the (3.16) -and from its Fourier transform -second of the (3.19) -we obtain:
This result implies that, in this case, J f + (x, α) (3.39) bears the form (after some simplifications)
This integral is finite if |Imy| < γ 2 and the result is [21]
.
Now, after inserting (5.15) in (5.6), we have
and we need to calculate (3.37)
Using (5.12) we arrive, after some manipulations, to the integral
which is simple to be explicitly calculated when 0 < β 2 < 1/2:
and, instead, diverges if 1/2 < β 2 < 1. However, in the regularisation procedure we chose, we define the limit (5.3) for 1/2 < β 2 < 1 as the analytic continuation of its value for 0 < β 2 < 1/2. Hence, collecting formulae (5.16) and (5.19) , we get
for the whole interval 0 < β 2 < 1 and if |Imy| < γ 2 . Let us now focus on region 2. The evaluation of ikf + (k, α) can be done starting from (5.7) and using [21] :
(5.21)
It follows that J f + (x, α) is now given by the expression
which, as far as we know, cannot be expressed through simple operations on elementary functions. On the other hand, the evaluation of the bulk term, defined by formula (5.17), can be performed explicitly. With the help of [21] we obtain the following result, valid in region 2 and again for 0 < β 2 < 1/2:
With the regularisation procedure we discussed before, we can extend this result to the whole range of values 0 < β 2 < 1. Putting together (5.22), (5.23) with (5.6), we finally obtain the expression for the value of F + (α) in the entire interval 0 < β 2 < 1 and in the region 2, γ 2 − π < Imy < − γ 2 :
This result can be also obtained as analytical continuation of the function (5.20) beyond the singularity of the integral kernel at Imy = −γ/2: in the x-plane the pole crosses the real axis and we need to take it into account through the residue theorem and hence using equation (3.30 ).
Let us now consider F − . From (2.11), (2.12) and (5.1) we have that
We want to evaluate (for the vacuum)
Again, we have that the continuous limit of the last addendum in (5.25) is zero if 0 < β 2 < 1/2 and infinity if 1/2 < β 2 < 1. However, according to our regularisation procedure, we define F − for 1/2 < β 2 < 1 as the analytic continuation of its value for 0 < β 2 < 1/2. Hence, we have
Comparing (5.27) with (5.4), we notice that 28) and this means that the behaviour of F − (α) in all the complex plane can be obtained from results (5.20), (5.24) and (5.11) for F + (α). We stress that, because of the periodicity property (5.11), relation (5.28) can be alternatively written as 
Asymptotic behaviour
We now want to extract information on the vacuum eigenvalues of the local conserved charges of conformal field theories. In the classical case (β 2 → 0) these appear [12] as coefficients of the asymptotic expansion of the logarithm of the transfer matrix Λ(α) around the complex λ = e α = ∞. Likewise to [12] we expect that the local integrals of motion are encoded in F + (α). But now there are two different asymptotic expansions of F + (α) following from (5.20) and (5.24) respectively. More explicitly, since
where the symbol · = represents asymptotic expansion, from (5.20) we have that, when Rey → −ε∞ in the strip |Imy| < γ 2 ,
e −ε π γ y + (5.31)
whereas, from (5.24), it follows that, when Rey → −ε∞ in the strip γ 2 −π < Imy < − γ 2 ,
In fact, likewise to [12] , our final aim is to expand asymptotically the logarithm of the transfer matrix We will carry on the asymptotic analysis of ln Λ(α) dividing the one-period strip π 2 β 2 − π < Imy < π 2 β 2 (5.36) in the following domains:
Let us start from domain 1. The expansion of F + (α) is given by (5.31) with y → y + iπ, thanks to the periodicity (5.11), and similarly the asymptotics of −F + (α + iγ) is equal to (5.31) with a global minus sign and with y → y + iγ. This shift compensates the global minus sign, and therefore we have
e −ε π γ (y+iπ) + (5.41)
e −ε π γ y + (5.42)
Which of these two expansions dominates in the asymptotics of the logarithm of the transfer matrix (5.33) is given by the comparison of the asymptotic values of their leading terms. Hence,
e −ε π γ (y+iπ) = +∞ implies that (5.42) dominates:
In the domain 2, when Rey → −ε∞ the asymptotic expansion of F + (α) is given by formula (5.32), whereas the asymptotic expansion of −F + (α + iγ) is still given by relation (5.42 ). The leading terms of (5.42) and (5.32) satisfy the limit
e −ε π γ y − iεA 1 sin π 2 2γ e −ε π γ (y+i π 2 )   = +∞ , therefore, when Rey → −ε∞, ln Λ(α) · = − F + (α + iγ), i.e. in domain 2 the expansion of the logarithm of the transfer matrix is still given by formula (5.43) .
We now analyse domain 3. In this domain the asymptotic expansion of F + (α) is given by expression (5.31), whereas the asymptotic expansion of −F + (α + iγ) is given by minus expression (5.32 ) in which y is substituted by y + iγ − iπ. Hence, up to the leading term
and, on the other hand,
Again, one can show that in the limit Rey → −ε∞ the leading term (5.44) is dominating:
therefore, when Rey → −ε∞, ln Λ(α) · = F + (α) (5.31) and, since (5.31) coincides with (5.42) and (5.43) , the asymptotic expansion of ln Λ(α) in the domain 3 is still given by (5.43) .
We are now left with domain 4. Again, the asymptotics of F + (α) is given by expression (5.31), and, as a consequence, its leading term by (5.44 ). On the other hand, −F + (α + iγ) is given by minus expression (5.31) in which y is substituted by y + iγ − iπ and, consequently, its leading term
Therefore, when Rey → −ε∞, the asymptotic expansion of ln Λ(α) is still given by (5.43 ).
The validity of such a picture can be partially extended to the interval
Indeed, following the same procedure as in the semiclassical case, one can show that in the strip − 3 2 γ < Imy < γ 2 the asymptotic expansion of ln Λ(α) is given by (5.43); however, in the strip
which completes the iπ periodicity, the asymptotic development of ln Λ(α) does not follow in a simple way from (5.31, 5.32). However, it is still possible to write such an expression, which is found to be different from (5.43).
To summarise, we have shown that in the limit Rey → −ε∞ and in the domain π 2 β 2 − π < Imy < π 2 β 2 the asymptotic expansion of the logarithm of the vacuum eigenvalue of the transfer matrix in the semiclassical domain 0 < β 2 < 1/2 is given by
Of course, the asymptotic behaviour of ln Λ(α) in all the complex plane follows from (5.48) and the periodicity property (5.11 ).
In addition, relation (5.48) is still valid in the domain 1/2 < β 2 < 1, provided we restrict to the strip − 3 2 γ < Imy < γ 2 . In the next subsection we are going to prove that the local integrals of motion I 2n+1 in (5.48) are also normalised by the c n as usually in Conformal Field Theories. For the entire interval 0 < β 2 < 1 they are given by the asymptotic expansion (5.31) of F + (α). The case n = 0
can be evaluated using the derivative lemma [2, 3, 4] , but an analytic formula for the cases n ≥ 1 is still missing. Moreover, we want to stress that, when ε = −1, formulae (5.48-5.51) form also a proof of Conjecture (2.21) of [14] in the regime 0 < β 2 < 1/2. In fact, the two asymptotic expansions for ln Λ(α) and their domains of validity coincide if we compare the quantum Lax operator (2.8) and the classical one in [5] to obtain the connecting λ 2 = e 2α = e 2y+iγ , and if we notice that (5.49) reproduces formula (4.15) of [14] ,
after choosing A as in Remark 4. On the contrary, we have found two different asymptotic expansions for F + (α), i.e. formula (5.31), valid for −γ/2 < Imy < γ/2, which coincides with (4.14) of [14] , and formula (5.32), valid for γ/2 − π < Imy < −γ/2. 
Limitω → +∞
Let us confine ourselves to the case ε = −1 (the case ε = 1 can be treated along the same lines). Going to the limitω → +∞ needs some care, for equation (5.54) is properly valid in the range 0 ≤ω < π/2β 2 (although the results of Section 4 hold for allω ≥ 0, for they are analytic). Indeed, its derivation is implicitly based on the assumption that the only points θ (r) on the real axis for which e iZ(θ (r) ) = −1 are the Bethe roots and this is true only if 0 ≤ω < π/2β 2 : in this case, the holes θ (h) , such that e iZ(θ (h) ) = −1 and do not satisfy the Bethe equations (2.9), all lie on the axis Im θ (h) = π. We see this because these holes are also the zeroes of the transfer matrix (5.30) and we also understand that whenω increases from 0 to! π/2β 2 the real part of the first hole from left decreases; atω = π/2β 2 , the real part of that hole reaches −∞:
then forω > π/2β 2 this hole jumps onto the real axis and migrates to the right 1 . We have borrowed our reasoning from a slightly different context [22] . Nevertheless we can go further in our analysis. Indeed, it is known [4] that the presence of holes on the real axis forω > π/2β 2 implies that the integral term of (5.54) -which should count only contributions coming from the poles of Im ln 1 + e iZ(θ ′ +i0) corresponding to Bethe roots -in fact receives contribution also from the holes on the real axis. Therefore, in the presence of N h holes on the real axis at the positions θ 1 , . . . θ N h , we need to subtract the holes contribution as follows [4] :
In (5.56) we have introduced the sine-Gordon soliton-soliton scattering amplitude S(θ), whose explicit expression is
and whose connection withG(θ) is
Likewise, in the presence of holes the quantity F + (θ) (5.20, 5.24) is modified into
arctan e (θ h −θ) , θ = π γ y . (5.58)
As a result we can find the exact values ofω at which one additional hole migrates onto the real axis. Indeed, the condition
applied to the expression of the vacuum eigenvalue of the transfer matrix in the presence of holes on the real axis,
is still equivalent to e iβ 2ω + e −iβ 2ω = 0 , because in the limit Re θ → −∞ the added sum in (5.58) produces in (5.59) an overall factor e iπN h . Therefore, we conclude that when n + 1 2 π β 2 <ω < n + 3 2 π β 2 we have that n + 1 holes are moving right on the real axis.
We are now going to write the nonlinear integral equation (5.56) and the eigenvalues (5.59) in an alternative form which is suitable for the study of the limitω → +∞: the integration path can be shifted in order to avoid contributions from the incoming holes. In this respect, we make the hypothesis that there is a separator s(ω) on the real axis such that for all the Bethe roots θ (r) and for all the holes on the real axis θ of (5.54), in absence of holes (0 ≤ω < π/2β 2 ), in such a way that, when the holes reach the real axis, they will never cross the integration path:
This modified expression contains only contributions from the Bethe roots and holds by construction for anyω. Clearly, when 0 ≤ω < π/2β 2 it coincides with (5.61). Algebraic manipulations allow us to rewrite (5.62) in the compact form
where the first integral containsZ(θ ′ ) thanks to the absence of holes and roots. Eventually, using relation (5.63) we are able to extend analytically the equation (5.54) ∀ω ≥ 0:
This form is very suitable for the study of the limitω → +∞ because all the nonlinearity is confined in the last term. In fact, the last term can be neglected in the limitω → +∞, for it can be approximated replacingZ(θ) with Ae θ −ω: 
Using this expansion we easily argue that we can neglect the last term of (5.64) in the limitω → +∞ provided for instance the inferior integration limit of (5.66)
−ω + Ae s(ω) → +∞ , asω → +∞ . which will be proved a posteriori -with the existence proof of a separator -using the explicit solution.
In conclusion, we can approximate in the limitω → +∞ equation (5.64) with a linear equation of Wiener-Hopf type,
We can solve this equation with the usual factorisation technique [23] finding the Fourier transform ofZ
This integral is well defined when Imk > 0 because, when θ → −∞,Z(θ) goes to a non-zero constant.
With the choice of A as in Remark 4 the solution of (5.69) can be expressed bŷ
Inserting in (5.72) the expression of M (3.32), we simplify the solution:
We remark that it is now possible to verify a posteriori the existence of a separator and assumption (5.68) . Indeed the evaluation of the Fourier antitransform of (5.73),
can be approximately performed, in the limitω → +∞, applying the residues technique after closing the contour of integration in the lower k-complex half-plane. The leading contributions come from the poles at k = 0 and at k = −2i/(1 + ξ):
Now the conditionZ − (θ) = (2n + 1)π identifies the holes, which happen to appear at values of θ
Hence, it follows that, whenω → +∞, all these holes go like: θ n ≃ lnω .
(5.76) Therefore property (5.68) holds for the separator s(ω).
We now want to consider the vacuum eigenvalues of the transfer matrix and in particular the conserved charges defined by (5.51), eventually finding the exact form (5.50) for the normalisation coefficients c n+1 . Formula (5.51) reads
and it is valid when 0 ≤ω < π/2β 2 . With the described procedure, we can write the expression valid also forω > π/2β 2 , i.e. when holes are present on the real axis: 
And finally (5.73) yields
On the other hand, local conserved charges of conformal field theories can be constructed in terms of Virasoro generators [9] . Their vacuum eigenvalues can be calculated for the first cases [11, 14] and we easily understand that they behave for largeω as
The normalisation coefficients c n+1 of expansion (5.48) are independent onω. Therefore, their exact value is obtained by inserting in (5.80) the expression (5.81) for I 2n+1 .
Therefore we obtain, in conclusion, the anticipated result (5.50). In this case it is possible to evaluate explicitly the eigenvalue of the transfer matrix. We fix the arbitrary constant A as in Remark 4 (but we do not choose ε) and we first consider the case in which the spectral parameter α is in the region 1 (5.9):
Some care is necessary, for the bulk terms of formulae (5.20) and (5.24) diverge logarithmically when β 2 = 1/2. The analytic regularisation is again very suitable and as shown for instance in [24] it is equivalent to a minimal renormalisation scheme: we define β 2 ≡ 1/2 − η, and we will let η → 0, maintaining only the finite part. Considering first F + (α), we have from (5.20)
where the bulk divergent part reads
where ψ(1) = −C = −0.57721566490... (C is Euler-Mascheroni constant) is the renormalisation constant depending on the regularisation scheme (for instance, if we had considered the dependence of the function (5.84) on y, we would have obtained a different constant). Instead, the regular finite size correction is given by
(5.85) We now go to the limit η → 0 using a minimal renormalisation scheme:
(5.86)
On the contrary C + (α) (5.85) is finite and can be explicitly calculated [21] :
Therefore, gathering the previous two formulae, we obtain, in the region 1 (5.9),
For what concerns F − (α), it comes from the general relation (5.28). At β 2 = 1/2, when α varies in region 1, α − iπβ 2 varies exactly in region 2 (−π/2 < Imα < 0). Therefore, the value of F − (α) is the finite part of the η → 0 limit of minus expression (5.24) in which α is shifted by −iπβ 2 . Performing this limit as we did before for F + , we obtain the renormalised values Putting together the expressions for F + and F − , we finally end up with the vacuum eigenvalue of the transfer matrix when 0 < Imα < π/2:
This gives the expression for the vacuum eigenvalue of our conformal transfer matrix at β 2 = 1/2 and in the region 1 (5.9) of the spectral parameter α; it is, of course, an entire function of λ 2 = e 2α .
In region 2 (5.10), i.e. −π/2 < Imα < 0, the calculations are carried on in a similar way. We only remark that the computation of F + (α) is made starting from formula (5.24) These expressions coincide in form with (5.88, 5.92), therefore expression (5.88) for F + (α) and expression (5.92) for F − (α) are valid in all the strip −π/2 < Imα < π/2. Since F ± (α) are periodic with period iπ (5.11) and since (5.88, 5.92) show the same periodicity, we conclude that in all the complex plane the expressions of F + (α) and F − (α) at β 2 = 1/2 are given respectively by (5.88) and (5.92) . It follows that the vacuum eigenvalue of the transfer matrix in all the complex plane at β 2 = 1/2 is given by expression (5.93).
In the case ε = −1 expression (5.93) becomes Λ(α) = 2πe 2πψ(1)e 2α
which means that, after the usual identifications λ 2 = e 2α and (Remark 4) ω = 2p, Λ(α) coincides with the expression for the transfer matrix at β 2 = 1/2 given in formula (4.32) of [14] .
Expression (5.93) satisfies a peculiar functional equation, which identifies as its solutions all the transfer matrix eigenvalues (at the free fermion point), once we assume the solution to be entire. This functional equation is nothing but the renormalised version of the T -Q relation which holds for 0 < β 2 < 1/2 [25, 14] . Indeed, we can decompose Λ ± (α) in the following form (5.99) Therefore, assuming that our model at ε = −1 is a lattice regularisation of the continuous theory in [14] , we have proved the functional equation (4.27) of [14] . This equation has been proved there as exact at first order in perturbation theory and then used to derive (5.96 ).
Finally, we present the calculation, at the free fermion point, of the local integrals of motion. We can specialize formula (5.48) -with A chosen as in Remark 4 -or, alternatively, expand asymptotically the logarithm of (5.93), taking into account relations where B 2m (x), m = 1, 2, ..., are the Bernoulli polynomials [21] . The previous formula (5.102) has been already found using the free fermion basis in [26] .
Summary and conclusions
In the whole interval 0 < β 2 < 1, we have determined the nonlinear integral equation for theω-vacuum states of the left and right (m)KdV models, whose discretisations are dynamically twisted spin −1/2 XXZ chains. The mapping β 2 → 1 − β 2 connects the (m)KdV nonlinear integral equation with the nonlinear integral equation coming from the twisted spin +1/2 XXZ chain. We have identified conformal primary states among those vacua and the treatment of further excitations can be derived along the lines of [4] . We have given an expression for the eigenvalues of the transfer matrix and of the local integrals of motion, in terms of solutions of the nonlinear integral equation, in the complete range of variation of β 2 . Although we have proved the conjectured asymptotic expansion of [14] for those eigenvalues in the semiclassical domain 0 < β 2 < 1/2, we have also discovered, in the whole interval 0 < β 2 < 1, a rich analytic structure, which in particular implies a different asymptotic expansion. At the free fermion point the aforementioned eigenvalues are evaluated exactly, again in agreement with [14] . Therefore, we have been naturally led to conclude that our model furnishes an effective framework for calculating interesting quantities of both quantum KdV theory [14] and Conformal Field Theories. Moreover, the exact values of the transfer matrix eigenvalues may be useful in PT -symmetric Quantum Mechanics applications, for they have been proved to be spectral determinants in [7] . In this respect, the exact solution of the theory given in the limit of infinite twist (ω → +∞) may be of particular interest in many applications and developments.
